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Abstract 

We investigate a'-corrections of heterotic double field theory up to quadratic or¬ 
der in the language of supersymmetric 0{D, D-|-dimG) gauged double held the¬ 
ory. After introducing double-vielbein formalism with a parametrization which 
reproduces heterotic supergravity, we show that supersymmetry for heterotic 
double held theory up to leading order a'-correction is obtained from supersym¬ 
metric gauged double held theory. We discuss the necessary modihcations of the 
symmetries dehned in supersymmetric gauged double held theory. Further, we 
construct supersymmetric completion at quadratic order in a'. 
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1 Introduction 

Stringy correction in the low-energy effective string theories is described by supergravity 
with inhnite number of higher-derivative terms. The higher-derivative structure is not arbi¬ 
trary, but strongly restricted by supersymmetry of string theory. For instance in heterotic 
supergravity the higher derivative corrections have been constructed up to cubic order in a' 
through the supersymmetric completion m. and it has been shown that these results are 
consistent with the string amplitude calculations (see |11|5] and references therein). However, 
the supersymmetric completion is an extremely difficult task due to the complexity of the 
structure. 

Another important ingredient for constructing the higher derivative correction is sting/M- 
theory duality. 0(D,D) T-duality or SL(2,Z) S'-duality also provides strong constraint 
to string effective theory. Double held theory (DFT) with a section condition provides 
a manifest 0{D,D) T-duality covariant reformulation of the string low energy effective 
theory [6Hn]. It has been applied to describe heterotic supergravity [l2], type II super¬ 
gravity [IMI] by incorporating Ramond-Ramond sector, M-thoery [T81123] and gauged 
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DFT [2iH30] which corresponds to lower dimensional gauged supergravity [3T1[32]. Based on 
the geometric formulations involving local frame field [33f[36] . supersymmetric DFT has been 
constructed [33l38]- However, there are obstructions when we try to construct a'-correction 
in the ordinary DFT. The main difficulty is the absence of rank-4 generalized tensor contain¬ 
ing the Riemann tensor [T3l33l|3l]. Moreover, it has been shown that term is forbidden 
in terms of the generalized metric [5U] . 

Recent works have addressed the construction of a'-correct ions for heterotic DFT in terms 
of 0{D,D -|- dimG) gauged DFT by Bedoya, Marques and Nunez [in]0 Similar approach 
in generalized geometry for stringy corrections has been studied by Coimbra, Minasian, 
Triendl and Waldram [H]. The main idea is that SO(32) or Eg x Eg heterotic gauge group 
is enhanced by including the Spin(9, 1) local Lorentz group, and their gauge helds are treated 
on an equal footing I12H17]. Since the gauge field for local Lorentz transformation is just 
spin-connection, the term naturally arises from the gauge kinetic term. They have also 
shown that the anomaly cancelation condition is given by Bianchi identity of the generalized 
curvature tensor. 

In the present paper, utilizing the double-vielbein formalism for the supersymmetric 
gauged DFT [30], we investigate the supersymmetric structure of heterotic DFT up to 
quadratic order in a', and we examine the validity of gauged DFT description in higher 
order corrections. If we neglect a'-correct ions, heterotic DFT is identical with gauged DFT 
regardless of double-vielbein parametrization. However in order to describe a'-corrections, 
we should require a suitable parametrization which identifies the gauge field for 0(D — 1,1) 
local Lorentz group with the DFT spin-connection. Therefore, in this paper heterotic DFT 
implies 0{D, D + dimC) gauged DFT with a double-vielbein parametrization. From defin¬ 
ing properties of double-vielbein, we construct a consistent parametrization which provides 
a consistent description of heterotic supergravity. However, it is important to note that 
symmetries defined in gauged DFT do not preserve the parametrization. 

For twisted generalized Lie derivative fl2.2ip in gauged DFT, we should lock the twisted 
generalized Lie derivative with the 0(G) subgroup of 0(D—1,1 -|-dim (?) local Lorentz 
transformation in order to sustain the parametrization [40]. Then the twisted generalized 
Lie derivative is modified by the compensating 0((j') local Lorentz transformation and the 
0{G) symmetry is broken. For 0{D,D + dim(?) duality transformation, it is known that 
the global duality symmetry is broken to 0{D,D) subgroup due to the parametrization 
of 0{D,D + dim(?)-covariant structure constant for the enhanced heterotic gauge group 
G [I2l[5n]. In addition, to preserve the parametrization of double-vielbein, the remain- 

^ Another approach for a'-correction in DFT has been proposed by Hohm, Siegel and Zwiebach [48l 
1^ . In their approach, generalized Lie derivative receives an a'-correction instead of 0{D,D) T-duality 
transformation. However, in our paper we will focus on the gauged DFT approach. 
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ing global symmetry should also be modified by incorporating a compensating local Lorentz 
transformation. As twisted generalized Lie derivative, we show that SUSY transformation for 
the leading order a'-correct ion is locked with the off-diagonal part of the 0{D—1 ,1 -|- dim G) 
local Lorentz transformation. 

We also investigate supersymmetry for heterotic DFT linear in a'. As the other bosonic 
symmetries, the supersymmetry transformation from gauged DFT should be modified to 
preserve the parametrization of double-vielbein. In |TT], supersymmetry for heterotic su¬ 
pergravity has been constructed in the context of generalized geometry with the corrections 
linear in a', and we discuss the relation with our result. 

Another main result in this paper is the construction of supersymmetric completion at 
the quadratic order of a'-correction. As pointed out in [2],|TT], there exists a hidden higher 
order of a'-correction in the supersymmetry transformation of gravitino-curvature V’mn, and 
it leads (Q;')^-order corrections in the SUSY variation of the action. We then construct 
corrections of the action and SUSY transformation in order for canceling the {a'Y terms 
which arise from the SUSY variation of the gravitino-curvature. Also, we show that there is 
no (a')^-correction including the cubic order of Riemann tensor, and it is in agreement with 
the earlier heterotic supergravity result [2]. 

The organization of the present paper is as follows. In section 2, we review heterotic 
DFT with a'-correction jTO] and double-vielbein formalism for 0{D,D + dimG) gauged 
DFT [30] with an explicit parametrization. We show that the bosonic symmetries defined 
in the gauged DFT are modified to be consistent with the parametrization. Furthermore, 
connections and curvature tensors are introduced from gauged DFT. In section 3, fermion 
degrees of freedom are introduced and supersymmetry is constructed at linear order in a'. 
We show that SUSY transformation defined in 0{D, D-|-dim G) gauged DFT is also modified 
by the parametrization. We end in section 4 by constructing supersymmetric completion at 
order (a')^. 

2 Double-vielbein formalism for heterotic DFT 

In the construction of a'-correction of the heterotic DFT [4n|ITT|. one starts from 0{D, D + 
dim G) gauged DFT which is the gauge group G specified as 

G = GixG2, ( 2 . 1 ) 

where Gi is the SO(32) or Eg x Eg group for the heterotic Yang-Mills gauge symmetry and 
G 2 is the SO(9,1) local Lorentz group which acts on adjoint representation. This results in 
a theory in which the heterotic gauge group and 0(9,1) symmetry are treated on an equal 
footing [2]. 
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In this section, we review heterotic DFT with a'-corrections and double-vielbein for¬ 
malism for 0{D,D + dimG) gauged DFT with a suitable parametrization. We discuss 
how bosonic symmetries defined in gauged DFT are modified under the parametrization for 
double-vielbein. In addition we introduce the geometric quantities in gauged DFT. There 
are several approaches for the geometric structure of gauged DFT [SOlESlISG] . Here we follow 
the so called semi-covariant approach |3U] which is well-suited for supersymmetry. 

2.1 Double vielbein 

Suppose that heterotic DFT is defined on a generalized parallelizable space [5T] to avoid 
a topological obstruction. From the double-vielbein formalism of gauged DFT [30], the 
local structure group of the heterotic DFT is given by the maximal compact subgroup of 
0{D, D + dimG) flOlITT] 

0(1, D — 1) X 0(D—1,1 -I- dim G) C 0{D, D + dim G). (2.2) 

Then we introduce a pair of local ortho normal frame {Vj ^^, Vj^^} corresponding to the 
0(1, D — 1) X 0{D — 1,1 -|- diniG) respectively, where M is an 0(11, D + dimG) vector 
index, m is an 0(1, D—1) vector index and rh is an 0(11—1,1 -|- dimG) vector index. They 
satisfy the following dehning properties [34], 

= Vp, , , 

w. t/M. _ q y, Y^p I Y^ ^Y-P — T- - 

g — U , ^Mp^N ' ^Mp^N ~ MN ' 

where rjmn and fjpq are 0(1, D — 1) and 0{D — 1,1 -|- dim G) metric respectively and is 
0{D, D-l-dimG) metric. Hence the double-vielbein form a pair of rank-two projections [33], 

^MN ’ ^MN 

and further meet 

PM^VN, = VMr~ = = = (2.5) 

As ungauged DFT, the generalized metric is defined by 

Pmn = ( 2 . 6 ) 

A necessary step to identify the gauged DFT with heterotic supergravity is to fix a 
parametrization of the double-vielbein in terms of the heterotic supergravity fields. By 
doing so, it is necessary to decompose 0{D,D -|- dimG) vector indices M = {M ,A} and 
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0{D—1 ,1 + diniG) vector indices m = {m , a}. We shall start by decomposing the 0{D, D+ 
dim (7) metric and 0{D—1 ,1 + diniG) metric as 


'^MN ~ 


Jmn 0 
0 


Vrhn 


( n^ 

'Hmn 0 


V 


0 ^^ab 




{2.7) 


where J'mn is the 0{D,D) metric, is the 0{D — 1,1) metric. Also /Cab and Kg], are 
dehned 


^AB = 


^ n ^ 

Kajj 0 


V 


0 —k- 


-0) 


( 


^ab 


K 


\ 




^ 0 f^[mn][pq]j 


( 2 . 8 ) 


Here we employ the collective adjoint gauge indices a = {i, [mh]}, where i,j, ■ ■ ■ correspond 
to heterotic Yang-Mills group and [rhn],[pq] ■ ■ ■ correspond to 0{D — 1,1) local Lorentz 
group. The A, B, - ■ ■ indices are pull back of a, 6, • • ■ indices by using the collective generator 
tA^, where A, B, ■ ■ ■ = 1 to (dimG)^ and a,b, ■■■ = 1 to diniG. (See appendix lAl for further 
comments about the conventions.) Next we decompose the double-vielbein as well 


Y- ™ = 


VM 


^T/ T/ a'^ 

VM VM 

T/ ™ 

y 

y. ™ — 

fy m a 

yVA VA J 


(2.9) 


Under these decompositions the dehning condition of the double-vielbein (I2.3p is then re¬ 
duced to 

(1) VMmJ^^VNn + VAmK^^VBn = Vmn, 

(2) VM^J^^%n + VA^K^^%n = fjmn, 

( 3 ) Vuf^J^^VN-a + VA^K^^Vs-a = 0 , 

( 4 ) VM-aJ^^V^l + VA^K^^Vsl = Kg],, 

( 5 ) VMmJ^^VMn + VA„.K^^VBn = ^, ( 2 - 10 ) 

(6) VMmJ^^VN-a + VAmK^^VBa = 0 , 

(7) VM'^VNm + VM^VNfh + Vm^^Vno. = JmN , 

(8) VAl'^VAm + VM'^VAfh + Vm^’Vao. = 0 , 

(9) VA^VBm + VA^VBrh + Va^Vbo, = Kab 

We then construct a parametrization satisfying the dehning properties fl2.10p and assuming 
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the upper half block of Vm™ and Vm”* are non-degenerated 


( 


m _ 1 

V2 


-f/ rn _ 

Vm — 


(g-l)Mm 




Kr"* = AmaV 


Mm 




( 2 . 11 ) 


and for 


T/ m _ 1 

- 7 ^ 


(g-l)pm \ 


yer + 


T/ m _ A T/ 

VA — y 


Mm 


( 2 . 12 ) 


Vm^" — —y/^AM °', Va‘^ = , 


where e^”* and are two copies of the D-dimensional vielbein corresponding to the same 
metric 

e'^eAVmn = -e^TeAVmn = 9i,u ■ (2.13) 


and Am°‘ and B',,„ are dehned as 




Am°' Am^^a^' , 


B' ■= B — -n'A M 


(2.14) 


Note that the double-vielbein under the parametrization is identical with the frame field in 
generalized geometry in a local coordinate patch [H]. Here should be identihed as a 
gauge field for G by its transformation property. Since Am°‘ is parametrized as 


Am^^ — 


‘A 

y.4/y 


(2.15) 


it is so called the derivative index valued field [521153] . 

The gauge held consists of two gauge helds for SO(32) or Dg x Dg heterotic Yang- 
Mills symmetry and 0(D — 1,1) local Lorentz transformation 


Am‘ = {Am‘ 


(2.16) 


Since these two gauge helds appear symmetrically in the action and supersymmetry trans¬ 
formation [2llinillT], we will use a combined form Am^ unless we have to distinguish them. 

Note that the = 0 and Va°‘ = are not preserved under the 0(D—1,1 -|- dim G) 

local Lorentz group. To preserve the parametrization the 0(D—1,1 -|- dim G) transformation 
should be broken to 0(D—1,1) subgroup. Therefore, after parametrization, the local Lorentz 
group is reduced to 0(1, D—1) x 0(D — 1,1) as ordinary DFT. 
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As shown in the gange held AM[m,n] for 0{D — 1,1) local Lorentz gronp should be 

identihed with DFT spin-connection 5>Mmn 1IB.5I1 in order to describe a'-correction. However 
the dehning properties fl2.10p are not enough to hx the explicit form of AM[mn ], so the iden- 
tihcation should be imposed by hand. Nevertheless, there is still ambiguity in determining 
the explicit form of AM[m,n]- The identihcation, AM[mn] = ^Mmni is inconsistent with SUSY 
transformation, and it will be discussed later after introducing fermionic sector. It is also 
important to note that AM[m,n] is a composite held, thus it does not give additional degrees 
of freedom. 

Under the previous parametrization, the projection operators are parametrized 


P. 


MN 


— V~ 


P. 


MN 


— V- 


-I- V- “U- 
-I- Vm 


(2.17) 


where 


-'MW ~ 






pv 


V 


and 


gp^ - a'Ap^Aua + BygP^{B')y 

{A)\p + {A)yg^yB')y 


ApB + Pyg^'^ApB 1 
g^^ ApaAub j 

(2.18) 


/ 




- g^\B') 


t 

pu 


-g^'^A.B 


P- - = i 

^ MN 2 


bA 

r- 


B'ppg^^ 


\ -WApg^'^ 


-gpy + a'Ap^A^a - BygP^{B')y -A^b - B^g'^PApB 
-Wap - WApg^'^iB'y^ -gP^'ApAA^B + ^tA^B-a y 


(2.19) 

Then, one can show that = Pm^j + Pmn and the well-known generalized metric (see 
also [M] for non-geometric parametrization) is reproduced from = Pmn — Pmn 


g^'^ g^^my gP’^ApB 

B'ppg^'' gpu - a'Ap^A,-a + B^gP^B'),,, ApB + B^g^PApB 
y(A)‘A,a‘‘-' (A'Aa + A)‘aA'"(B')U S'-M.aA.B - itA^B-aJ 


( 2 , 20 ) 


After the parametrization, all the symmetries of the 0(D, D -|- dimG) gauged DFT are 
partially broken or modihed. In the rest of this section we will consider the bosonic symme¬ 
tries and their compensating local Lorentz transformation which sustains the parametriza¬ 
tion. 
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2.2 Gauge transformations 


In the gauged DFT, the generalized Lie derivative in ungauged DFT is replaced by the twisted 
generalized Lie derivative which includes Yang-Mills gauge symmetry. For the 0{D,D + 
dim G) double vielbeins, the twisted generalized Lie derivative is dehned [T^[26] 

= 4r«’” - , (2.21) 

where C° is the ordinary generalized Lie derivative, 

= xGpVi,"‘ + (dp,XP - GXg,)Vf '"‘, ( 2 . 22 ) 

and fj^pQ is the structure constant for the gauge group G in 0{D,D + diniG) covariant 
manner. The section condition also known as the strong constraint is given by: 

= 0, = 0 (2.23) 

The structure constants should then satisfy the Jacobi identity, 

fM[N^ f\P\QR] = 0 • (2.24) 

It is also convenient to impose an orthogonality condition on the structure constants fj^jpp 

fp^p,pd^'^X = 0, (2.25) 

This means the gauge symmetry will be orthogonal to the ordinary generalized Lie deriva¬ 
tive. The gauge parameter consists of diffeomorphism parameter one-form gauge 
parameter for Kalb-Ramond held and Yang-Mills gauge parameter for gauge 
group G as 

= (2.26) 

However, the twisted generalized Lie derivative does not sustain the previous double- 
vielbein parametrization. For example, if we transform the constant component Va°‘, then 
it doesn’t remain as a constant, 

= fA^cVB~^X^ . (2.27) 

To overcome this problem, we modify the twisted generalized Lie derivative by adding a 
compensating Lorentz transformation which cancels the unwanted terms as in [10] 

6xVm~^ = X^dxVM^ + {OmX^ - O^Xm) W + OmX^Va^ + , 

= -fABcX^V^-- + ASVa^ , 


( 2 . 28 ) 


where G 0(dim(j') is taken to be 


= Va' f%X^. 


(2.29) 


Then we reproduce the gauge transformations for component helds of the double-vielbein, 
which have been constructed in 


m 

■'V ') 


+ f%A^^X^ , 

^BpLv = + dp^^Bpy + dA^Bpp -|- 29[^Aj,] -|- a'd[pX'^Ay]a ■ 


(2.30) 


2.3 0(D, D) transformation 

We now turn to the 0(D, D + dim G) global duality symmetry. Before the parametrization, 
the double-vielbein is an 0{D, D + diniG) vector which transform as 


= hJ^V, 


TVta m 
M ’ 




N jr m 
M -> 


(2.31) 


where G 0{D, D + diniG). As shown in |T2], 0{D, D + diniG) symmetry is broken to 
the 0{D, D) subgroup due to the parametrization of However the 0(D, D) symmetry 

should be modihed by the parametrization of double-vielbein by introducing a compensating 
local Lorentz transformation. In here, we will consider inhnitesimal 0(D, D) transformation. 

To construct the infinitesimal 0{D, D) transformation, we decompose the double-vielbein 
transformation as follows: 




ShVA 


\ 


u N -L B 
IlM BM 


l, N u B 
tlA BA 


\ 


Vn 

T/ m 

yVi y 


(2.32) 


and 




ShVa^ XhVA 


/t n 1. b\ 
Im 


/ 





(2.33) 


where Hmn and Hab are antisymmetric matrices. The SO{D,D) algebra element hM^ 
admits further decomposition as 





7 N 




, or 

hivi — 



Xvp j 



^ 'Ivp f^v y 


hlUN — 


where and jp,, are antisymmetric parameters 


(2.34) 




IflU 


(2.35) 
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Having the parametrization of double-vielbein, there is a consistency condition that must 
be obeyed by the 0{D, D) transformation. Since and are parametrized in terms 
of the same heterotic supergravity helds, in the component held language, fl2.32p and fl2.33p 
should be consistent to each other. For instance, we can obtain or 5hA^A from each of 

fl2.32p and fl2.33p independently, then consistency requires these results should be identical 
to each other. 

First, the 0(D, D) transformation of fl2.32p leads 


ShBpy = jpu + 2H[^|p|(/5*)^^] - - Bppa^^B^^ , 

+a'A[p‘"A\paaP'^ga\u] - \a''^Ap^Aj'ApaaP^A^i , 

^hApA = l3p^ApA + g^lu(A''ApA - Bp^a^^ApA - \a'Ap^Apaa^^A ^a 


(2.36) 


On the other hand, if we evaluate 5hVj^'^ part only by using the parametrization of 
(I2.12p . then we get inconsistent result with (I2.36p . Moreover, even though Vm°' is parametrized 
as a derivative index valued vector, namely = 0, but under the naive 0(D, D + dimG) 
transformation fl2.33p 


= -y/^aP’^AA ^ 0 . 


(2.37) 


These problems can be solved by adding a compensating 0(77—1,1 -|- dim G) local Lorentz 
transformation on the 0{D—1 ,1 -t- dimG) vector indices as follows 


where 




^hM^VN^ + %'^Aa^ ^ 
^hA^VM^ + VA^A-a^ j 


= V^epfhO:P''AA , Af = -a'ApiaP''AA ■ 


(2.38) 


(2.39) 


If we evaluate 6hVM^ and ShVa^ then one can show that these are consistent with (I2.32p in 
the component held level. Moreover we can show that 5hVA°' is vanished, and it is consistent 
with the fact that Va^" is the structure constant of G. 


2.4 Connection 

We now introduce geometrical quantities dehned in gauged DFT to describe the dynamics 
and supersymmetry of heterotic DFT. 

As for the covariant differential operator of the heterotic DFT, we present a covariant 
derivative which can be applied to any arbitrary 0{D,D + dimG), Spin(l,D — 1) and 
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Spin(D — 1,1 + dim G) representations as follows 


'^M ■— ■ (2.40) 

where $Mmn and ^Mmn are spin-connections and is semi-covariant connection which 

are constructed in gauged DFT [30] 

^PMN = ^°PmN + fQRS ~ I (^ + ^) PMN f QRS ' (^-^l) 

where r^pMV is the connection for ordinary DFT |34j . 


r°PMV = ^{PdpPP\m + - Pw^PNf)dQPRP 

-dFFpim-Pa-I® + ■Pf|m^«i'^)(V+ 

and and are rank-six projection operators 


(2.42) 


V 


PMN 


SQR — pjp . [Qp, R] J _ 2^p. . p. [Qph]S 

•“ Pp P\M Pn] ^ D-iPp\mPn] P > 


7?. . . SQR ._ p.s p GQ p. 4 - 2 p_ . p. [Q ph]s 

' PMN Pp P[M Pn] P D-1 P[mPN] p > 

which are symmetric and traceless, 


(2.43) 


V 


’’pMNQRS ~ PqRSPMN “ Pp[MN]Q[RS] 


T>. 


-pF.^ Q 

I UA/TD^Q 


Here the superscript 0 indicates a quantity dehned in the ungauged DFT. 

To determine the spin-connections in fl2.40l) . we impose the double-vielbein compatibility 
condition 

PM^Nm = 0 ’ PlM^Nfh = 0 ’ (2-45) 

and for the metric of Spin(l, D — 1) and Spin(D — 1,1 -|- dim G), and respectively. 


Pj^Vrun — 0 , PplVinh — 0 • (2.46) 

From the compatibility of and fjmni we can deduce that the spin-connections are anti¬ 
symmetric, 

^Mmn ^M[mn\ ’ ^Mifih ^Ml^ih] ■ (2.47) 

In addition, because of the double-vielbein compatibility condition fl2.45p . the spin-connections 
may be determined in terms of the double-vielbeins as follows, 

^Mmn ~ ^ ~ M^Nn ’ ^ Mmh ~ ^ ^ M^Nh > (2.48) 
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where is the covariant derivative which acts on the 0{D, D + dimG) vector indices 

m'^n ~ ^m'^n + ^MN '^p ■ (2.49) 

Crncially, we can then form fully covariant quantities with projection operators or double- 
vielbeins as shown below: 


Mmn ’ Mmn ’ 


^M[pq'' d’ ^M[pq'' d’ ^Mpq'^ ’ ^Mpq'^ ' ' ' 

After the parametrization, the previous covariant spin-connections are decomposed naturally 


^pmn 5 

^ amn 1 

^[pmn] 5 

<i)P 

^ pm 1 




^pfhn 1 

^pfhd 7 

^pdb 7 

^[pmn] 7 

^[pma] 7 

^[pab] 7 

(2.51) 

*[a 6 c] 5 

^ pm 5 

^ pa • 






In flB.5p . we present explicit form of the spin-connections in terms of heterotic supergravity 
helds. These will be a building block that the formalism uses. Various covariant quantities 
can be generated by using these spin-connections and their derivatives 


2.5 Curvature 

Let us turn to semi-covariant curvature tensor 5 '^jvpq which is defined as 


^MNPQ ~ 2 {^MNPQ + ^PQMN ^ ’ 


(2.52) 


where R^j^pq is defined from the standard commutator of the covariant derivatives 

^MNPQ ~ ^M^iVPg ~ *^iV^MPQ + ^MP ^NRQ ~ ^NP ^MRQ + PQ ' (2.53) 

The generalized curvature scalar is defined by contraction of Sppppq with the projection 
operators 


g ._ pMN pPQ g 


MPNQ 


= 2(9’"$" 

_ f ^pmn _ f_ 

J pmn^ Jpmn^ 


— (J)™ 

^ m ^ np 2 ^ ^mnp 2 ^ ^pmn 2 ^ 


(2.54) 


f- <&“ 

J amn ^ 


Thus it provides a scalar invariant under the all kinds of bosonic symmetries and gives our 
bosonic Lagrangian in a compact form 


Sb = / e-^<^2S 


(2.55) 
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From the variation of the heterotic DFT action with respect to double-vielbein, the corre¬ 
sponding generalized Ricci tensor is defined as 



(2.56) 


Now let’s consider Bianchi identity for curvature 



(2.57) 


If we pull back to the frame indices by using double-vielbein, we have 



where If we substitute the explicit form of spin-connections, then (I2.58p 

is reduced to the anomaly cancelation condition and Jacobi identity for the Yang-Mills field 
strength as we desired 


S[rnnp]q - \Tt{F a F - '> A ^)[pupa]) , 



This feature is exactly same as |lQlHT], and it shows the consistency of the semi-covariant 
formulation for heterotic DFT. 

3 Supersymmetry in leading order a'-correction 

In this section we consider supersymmetry in heterotic DFT with leading order a'-correct ions 


based on supersymmetric gauged DFT [30]. We also consider the relation with the general 


ized geometry result [TT] . 

As shown in the previous section, the bosonic sector consists of DFT-dilaton, d, and 
double-vielbeins, Vj^^, Meanwhile the fermionic sector is determined by the super- 

symmetry. Since heterotic DFT admits N = 1 supersymmetry, the fermonic degrees of 
freedom are given by one kind of gravitino ('i/'m)”, gauginos (V^a)" and the dilatino (p)“, 
where a , jd ,■ ■ ■ represent the spinor representation of Spin(l, 9). Here we employ a collec¬ 
tive notation for the gauginos as the gauge held Am a 


'^a {a ) '0 [mn]} > 


(3.1) 
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where '0[mn] is so called gravitino curvature [2] which is dehned in terms of heterotic DFT 
variables 


'4^lmn] ■ -|- 2 ‘^^[mn]^'4^p “h mri4^p •^^mn'^p ) 

(3.2) 

‘^^[fh'4^n] “ 1 “ •mn'4^p fhn'4^p • 

Here Pm is a covariant derivative for Spin(l,9) and Spin(9,1) vector representation, for 
instance arbitrary vectors and 


V-T =d-T +$-^T V T-=d -^T- 

' ^mn -‘-p 5 ^m-‘-n ^ra^n ~ ^mn -‘-p • 


(3.3) 


Note that covariant derivative for Spin(l, 9) and Spin(9, 1+dim G) vector representation 


T)-T = d-T +$- r’T T) T- = d T- + $ -PT- + $ -“T- 

~ ^ran -‘-p ? ' ^mn -‘-p ' ^mn ■‘-a 5 


(3.4) 


V-T — 

^a-‘-m ^an -‘-p • 


Since the gravitino-curvature ipimn] is a composite held, it does not introduce any fermionic 
degrees of freedom. For notational convenience, we combine the gauginos and gravitino in 
0(9, 1 + dim G) covariant way as 'ifjp = , V'a}- 

The Dirac operators for Spin(l, 9) spinors are given by 

7™PmP, (3.5) 

where the explicit expressions for these are 


7™PmP = TdrnP + l^mnpT^^P + mpl^P , 

'^^P = dmP + , 

= + \^mnpT^^^n + \^^mpl^^n + T^mhpr + T^m^r ■ 


(3.6) 


3.1 SUSY transformation 

We start from SUSY transformation of 0(P, D + diniG) gauged DFT [30] 

5 ed = —i\ep , 


(3.7) 


Once we have the double-vielbein parametrization fl2.11l) and fl2.12l) . it makes sense to de¬ 
compose 0(D—1,1 -|- dimO) vector indices in (13.Tj) as 


S^d = —i\ep , 

~ ~ ^ImXi ~ ^^Xm'^Pfhn j 

= iVM^e-iqXi , 

^£^M[mn] ~ i^M^^lqi^fhn , ( 3 '^) 

dep = , 

deXi = J^^mnX^"e, 

A 7 /;-= —cbr- 1 

^eYmn ^^[mn\mn ; • 


Note that this SUSY transformation is identical with the generalized geometry result [H]. 

However, one can show that fl3.8l) is inconsistent with the double-vielbein parametrization 
as other bosonic symmetries. It should be modihed by introducing a compensating local 
Lorentz transformation. For instance, Vm“ is a derivative index valued vector, but 
does not vanish. If we take the compensating local Lorentz transformation as 


A*.“ = . Aa‘ = 0 . 


(3.9) 


then we have a consistent modihed SUSY transformation for 

deVM'^ = iVM'^SXm4’°‘ + VM^dVfn^' + ) 


where the derivative index valued vector Vm”* is dehned as 

Vm™ := Vm^ + ^ 




V" / 


(3.10) 


(3.11) 


Furthermore, the compensating local Lorentz transformation fl3.9p can be applied to the 
constant component Vh" as well, and the modihed SUSY transformation gives a vanishing 
SUSY variation 

A,U4" = i{VA^ + VA^{e^^e;^))eXmr = 0 • (3.12) 
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Therefore the modihed SUSY transformation with the local Lorentz transformation fl3.9l) is 
given by 

6ed = —i^ep, 

^eVMm = , 

M T ')^M~ i 

de^Ma M ; 

(3.13) 

deVAa = 0 , 
deP = , 

de'4^ifi ; 

S^lpa = ■ 

Now, let’s consider how to define the explicit form of the AM[fhn]- Since it should behave 
as a gauge field for Spin(9,1) local Lorentz transformation, the DFT spin-connection ^pmn 
would be a good candidate. However there are ambiguities due to a torsion which is not 
determined yet. It is interesting that even if we don’t have explicit dehnition of AMimn], we 
can read off SsAMifnn] from the 0{D,D) structure of double-vielbein (I3.13j) 

. (3.14) 

On the other hand the direct computation of Se^pfhn gives 

de^pmn ^£y|p|'0fj]^ i^qffifiE'Jp'lp^ , (3.15) 

thus we cannot identify Ap\fhn] and ^pmn- To get a super-covariant transformation as fl3.14p . 
we dehne AM[nin] by adding gravitinos 


Ap^mn] ■ {^pmn T ) 

^pfhn T 2dipmn T ; 


(3.16) 


then it transform as fl3.14p . 

Next, we examine the SUSY variation of gravitino curvature d^ipimn] up to fermion leading 
order. We can read off the dei^imn] from (I3.13p 


de' 4 ^[mn] [mn\mn'y ^ ; 

= __^rnn 

^ V ^ ^ mnmn i ^ • 


(3.17) 
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On the other hand, the direct computation of gives 


Sei>[nin] = V^{[D^,Vn\e + “ ^^mn)'Ppe) , 

= rnnpq'l^‘^£ , 


(3.18) 


where ^ymn and R^^umn are the Riemann tensor with torsion H dehned in fIB.Sp . Even 
though fl3.17p and fl3.18p are not equivalent, after diagonal gauge hxing, one can show that 
the difference is nothing but a sub-leading order correction [2] 


R^""\upa — R^ = ‘2d\„H, 


[pJ^upa] 


From the Bianchi identity fl2.59p . it is reduced to 


P(+) _ P(-) = (y'T 

^ ^ fii/pa ^ papLU ^ pupa ? 


where 


T^upa — 4Tr(F ^F RAR) . 

Therefore, SUSY transformation of gravitino curvature at order (a')*■ 5 ) is given by 

Or, in other words ^^^\fnn]mn = Tl^n]mn- 


(3.19) 

(3.20) 

(3.21) 

(3.22) 


3.2 SUSY action 

We may hnally turn to the supersymmetric action. Following the supersymmetric gauged 
DFT [30] , we have a supersymmetric action which is invariant under (13.71) 




-2d 


2 S + U{p-{^VmP - 2 P^V^p - 


(3.23) 


The SUSY variation up to leading order in fermions is given by 




-2d 


+8ip ('f'^V^dp - Vp.S'ip^] - + Vp.Sp 


(3.24) 


Substituting the SUSY transformation in (13.7p . one can then show that SUSY invariance is 
guaranteed from the following identities 


TS tS p _1_ — —IppMN pPQ c ..... 

\ ^ ^MQNP ’ 


r^rn^Ti' 
/ / 


7 


V 


c — ^ tv jf^V ni O 


(3.25) 


MPNQ 
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We may rephrase the action (13.231) and supersymmetry transformation fl3.13p with the 
explicit parametrization of double-vielbein. For systematic approach, we denote n-th order 
a' terms as (n). For instance, the next leading order correction of supersymmetry transfor¬ 
mation for gravitino-curvature is of order |, 

. (3.26) 

thus it is denoted by (|) as a superscription. 

We then summarize the Lagrangian and supersymmetry transformations in the leading 
order correction: 

• Spin-connections 

$(i) 

imn 2 y/o! mn)i 

-- (3.27) 

^^'^\rhn]mn (o: )^T^fhn]mn ■ 

• Lagrangian 


—9 f ^( 0 )pmn _ 9 <T)( 0 )pmn _ 9 f_ (h(O)amn 

^Jpmn^ ^Jpmn^ ^Jamn^ 

cf = Aip-i^VmP - Sti^^V^p - , 


(3.28) 


• Supersymmetry transformations for fermion helds 


(3.29) 


where the covariant derivative and T>m gives zeroth order contribution. Here we have 
ignored all intrinsic a'-contributions which are located in the H fields, because the explicit 
form of H is not relevant in the fermion leading order calculation. 

From the fact that the SUSY transformation of gravitino-curvature receives further cor- 
rection in the order of (a') 2 , the next order correction in 5C arises naturally, and we discuss 
this point in the next section. 
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4 Quadratic a'-corrections 


In the previous section we have shown that the SUSY variation of the gravitino curvature 
receives higher order contributions, in fl3.22p . It leads to further (a')^-order 

corrections on the SUSY variation of C''p 




[a 


l\2 


jlQ^rnn^pq^^{\) __ rpmn _ OiV pq^rp_ _ 

^2^ / / mnmn-*- pq / / ^^mnpq 


(4.1) 


In order to cancel out this additional variation, we should introduce higher order a'-corrections 
in the SUSY transformation and the corresponding action. In keeping with the fact that the 
bosonic Lagrangian does not receive correction at order {a'Y [2], we will consider the 
fermionic sector hrst. 

Let us assume that the supersymmetry transformation of the gravitino ^fh is given by 
the following general form: 

= (4.2) 

where should be determined from the closure of SUSY. If we substitute fl4.2p into 

the Cy\ we have 




mpq 


(4.3) 


and one can show that it is insufficient to cancel (14.ip . 

Next, we introduce the following correction to the fermion Lagrangian 


Cf = Aii2Y^'i{V^p + YVrr)T^npq 


(4.4) 


which is proportional to the equation of motion of tpfh at order (a;')° [2j. Then C^p transform 
under (13.291) at order (a')^ as 


= {a'f J [ - e^^iV^V^p + VY‘^V,Y)T^nnp 

- . (4.5) 


By using integration by parts and the following identities 


\Pfh)T^n\ £ — + -^^[mnYp^ + \R^mnpqY^^ , 

[P™, Pp] Y = + IS^pqrY'^Y , 


(4.6) 
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the SUSY variation fl4.5p can be rewritten as 


(4.7) 


- mnnp 


+ lX^^i}p)T^nnp 

-2e-i^P-i^rS^,^qT^nnp + er^7'^'llj^S^%rTrnnnp 

-e-i^P{pnp + + ^fnT^-i^eS^\rTff 

where 

- AP[^n] • (4.8) 

Next, if we dehne <h^^^pmn as 

<T)(2)_ .^l(T)nrp__ _lv_pqrp__ \ 7 4 0') 

^ mpq • 2\^ -‘-nmpq 2 ^^^ '‘'PQPQ) * 

and use the following identity 


-p j^pmn _ pfnn _j_ pmn 


(4.10) 


then the SUSY variation fl4.7p reduces to 




[a 


.02 




-\erP-f^Vqi^^^T^nnp + ler^j'^ijpVgXP^^T^n 


-2e'y^P-f‘>rS^,^pT^nnp + S^^p r-T^^np 


(4.11) 


Finally, by combining all the terms fl4.ip . (I4.3p and fl4.1ip together, we get a simple result 


(^Sf)' ’ = (a')" / 16ie-“e-7''i7”S‘“”"’'’’,r„-,„„ 


(4.12) 


Recall that an arbitrary variation of the generalized curvature scalar S is proportional to the 
generalized Ricci tensor Smn- Since the variation fl4.12p is proportional to the generalized 
Ricci tensor, one can speculate that it is canceled out by introducing (Q(')^-order corrections 
to the SUSY variation of the double-vielbein (5U^°')^^\ where m"^ is the double-vielbein 
for ungauged DFT without gauge connections 


y(0) 


m 

M 


1 

72 


S—l\pm 





\ 

um 

/ 


(4.13) 
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Under an arbitrary variation the bosonic action 5^^ changes by 

and if we choose {SV^°^Mm)‘'^^ as 

= -2i{a'Ye-f^rV^°^^^T^nmn, 

then the SUSY variation of the bosonic action at order {a')^ is given by 

( 45 g’)‘” = - 16 i(o')" / £V”<^“T».nmnS>”>»’" . 


(4,14) 


(4.15) 


(4.16) 


Therefore the exactly cancels out the in fl4.12p . and it shows that super- 

symmetry is closed at (a')^-order. 

However, we need to determine the missing SUSY transformations at (Q(')^-order. For 
example, we can obtain by requiring that SUSY variations of the component 

fields from the and MmY^ ’ should be equivalent, as a consistency condi¬ 

tion, such as 

{Sedf^ =0, 

=2i{a'Ye'j^'ilj^T^nmn, ( 4 - 17 ) 

=2i{a'YerrT^unn. 

From this condition, [6eV ^°''is given by 

= 2terrV^°\^T^nmn . (4.18) 

However, it is still not sufficient to determine the other components, {SeVA^)^^\ (<^£14^“)^^' 
and To determine these we should consider (a')^-corrections, thus we will leave 

this issue for future work. 

In summary, the quadratic a'-correction of the action is 


/-( 2 ) 


{a'f2ie-^<^ 


i^^Y'^{V^p + YVrr)T^np, 


and the SUSY variations are 


(4.19) 


{SeVMmY"' =-2ieYrVM^T^nmn, 
{deVMm) = 2ieYYyM'^Tfnnmn , 

(Se^fn) = I {V^Tn^p, - ^XY^Tp^p,) 

(5£4[mn])^^^ = \TpqpqY'^e. 


(4.20) 
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5 Conclusions 


In this paper we have shown that the 0(1, D — 1) x 0(11—1,1 + diniG) donble-vielbein 
formalism for gauged DFT can be applied to the extended tangent space formalism for lead¬ 
ing order a'-corrections in heterotic DFT. Associated spin-connections, the generalized Ricci 
tensor and the generalized Ricci scalar have been introduced, and using this framework we 
have constructed supersymmetric heterotic DFT with leading a'-correct ions. By solving the 
defining properties of the donble-vielbein, we got a canonical parametrization in terms of 
physical component fields, e“, R, A, and The B? term arises as a field strength 

of the 0(1,9) gauge field, only after the parametrization. Thus in order to describe 

the leading a'-corrections, the parametrization is essential. Under the symmetries of het¬ 
erotic DFT such as 0(11, D-l-dimG'), the generalized Lie derivative and supersymmetry the 
parametrization is not maintained. We have obtained explicit modifications of the symmetry 
transformations to be compatible with the parametrization. 

We have shown that the extended tangent space formalism can be extended to the next 
order a'-correction. We have checked that there is the hidden (a') ^-correction in the super- 
symmetry transform, ■ Thus additional {a’Y terms arise in the SUSY variation, 

and we have found the corrections in the action and SUSY transformation which cancel out 
the terms. As a result, we have shown that there is no B? correction in the bosonic part, 
and the fermionic sector is proportional to the equations of motion for the gravitino at order 
(a')'’. This is consistent with the heterotic supergravity result [2]. 

We can continue the SUSY closure process, and it may suggest that the gauged DFT 
description is valid even in higher order a'-corrections. However, the full (a;')^-corrections 
consist of two parts [5]: anomaly-related terms containing (trF^ —iiB^) and without Yang- 
Mills counterpart term. In the extended tangent space formalism, the term is always 
involved with trU^, thus the 0{D,D + dimG) gauged DFT description makes sense only 
for anomaly-related terms. Thus it is not obvious how to construct the other sector. It may 
require a totally different formalism other than the gauged DFT description. 

It is also interesting to study a'-corrections of type II DFT. The extended tangent space 
formalism suggests 0(10 -I- diniGi, 10 -|- dimG 2 ) gauged DFT, where Gi and G 2 are 0(1, 9) 
and 0(9,1) local Lorentz groups respecively. Then the local structure group is given by 
0(1 -I- dimGi, 9) x 0(9,1 -|- dimG 2 ) as a maximal compact subgroup. However, it has been 
shown that this generalized geometry does not admit any consistent torsion free connection 
HU. Furthermore, there is no natural way to define a spinor and Clifford algebra unlike in 
the heterotic DFT. Since heterotic and type H supergravities share common a'-corrections 
which do not include anomaly-related terms [5], Y-correct ions for the heterotic DFT may 
give some clues for the type H case. 

As we have seen, supergravities are strongly restricted by the 0{d,d) structure even 
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if we consider a'-corrections. Usually supersymmetric a'-corrections are constructed by 
supersymmetry completion for a given ansatz which contains all possible terms with arbitrary 
coefficients. Since the 0{d,d) structure provides a further constraint, the ansatz is greatly 
simplihed. Therefore, it may be possible to construct much higher order a'-corrections and 
hnd a deeper structure of the general a'-corrections through the supersymmetry completion 
method in DFT. 
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A Conventions 

In this section we describe various conventions and indices in detail. We decompose 0{D, D+ 
diniG) covariant quantities to 0{D,D) subgroup. Here all the hatted indices represent 
0{D,D + dim G) covariant quantities: 

1. 0{D, D + dim G) indices : 

• M, N, - ■ ■ : 0{D, D + dim G) vector indices, 

• m,n, - ■ ■ : Local 0(1, D—1) vector indices, 

• rh,n, - ■ ■ : Local 0{D—1 ,1 + dimG) vector indices. 

2. After explicit breaking of 0{D, D + dim G) into 0{D, D): 

• M,N, - ■ ■ : 0{D, D) vector indices, 

• m,n, - ■ ■ : Local 0(1, D—1) vector indices, 

• m,n, - ■ ■ : Local 0(iJ — 1,1) vector indices. 

• d,b, - ■ ■ : Adjoint indices for gauge group G. 

Since the gauge group G is given by the product of two groups G = Gi x G 2 , the gauge 
indices should be decomposed. Here kap = {t^)aiU)p and = (?”^"'^)a(^[mn])_a are killing 
metrics for each gauge group, and {f)a and are the structure constants of the gauge 

group Gi and G 2 respectively 


(f )m = fk ,', = /'“'wiw 


(A.l) 


Thus ti^ and satisfy 



(A.2) 
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Since the 0(1, D—1) local Lorentz transformation acts as 




where we have assume that the pair of indicis fh and fh' are antisymmetric to each other, 
namely = ^{Ffhm'—Fm'fh) for an arbitrary Then the structure constant /[mn][pq] 

is given by 


fr_ = -S-P'n-,-S-/ - S-P'ri-f-fS-P = -26-Pfi-f - 6-/ 


(A.4) 


One can show that (1A.4I1 satishes Jacobi identity 


/[mm'] [pp'l ^f[nn'] [qq'] ' + /[pp'j [nn'] ' /[mm'] [qq>] ' + f[nn'] [mm'] ' /[pp'] [qq'] ^ = 0 , (A.5) 


thus the 0(1, F—1) algebra flA.2D is also satished. 


B Supergravity representation 

The Spin(l,9) Clifford algebra, 

and chirality operator = 7 ^ 7 ^ • ■ • 7 ®. The symmetric charge conjugation matrice, = 
C^Q, meets 

((7^PiP2-P„)^^ = (-l)"(’^-i)/2^C'7PiP2-Pn)^^ ^ (B_2) 

and dehne the charge-conjugated spinors, 

'^pa /^p C^Q, , ) Pa P . (B.3) 

The gravitino and dilatino are set to be Majorana-Weyl spinors of the hxed chirality, 

7(^^Vj5 = '0p, = 7^“V=-P, 7(^^)e = e (B.4) 
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Using the parametrization of the double-vielbein, the previous physical spin-connections 
fl2.50p are rewritten in terms of supergravity fields 


[mnp] 

(^[rfinp] “1“ ^H^jinp 

^pmn 

~^^(yOJprfm H~ 2 Hpmn^ 

imn 

2 y/ ( FjjiYi ) i : 

mn 

= -- 
2 y tz J.L mnmn 5 

[ftinp] 

(^[mrip] “1“ 

® [fhni] 

g \/q^ ; 

^[Tfinlpq]] 

Q y/Oy. R fhnpq 5 

^[in[pp'][qq’]] 

f[pp'][qq'][ff']*^rn~ ^ ; 

^[rhij] 

fijk^fh 5 

^[ijk] 

= > 

^llPP']W]lrr']] 


^pfhn 

~^^(^OJpffifi 2-^pmn) 

^mm 

2 y/ OL ( Fjjifi ) 2 

mn [pq] 

— ___ 

2 V ^ mnpq 

^mij 

u^m fijk 7 

^m[pp'][qq'] 

^ f[pp'][qq'][ff'] •) 


where Hmnp is that 

H^yp = - a'VLpyp (B.6) 

and VLpyp is the Chern-Simons 3-form which is dehned 

= ^{A^p^dyApYa - \Ap^Ay^Ap^Ui^) . (B.7) 

Here ujpmn and Upmn are spin-connections for Riemannian geometry with respect to e™ 
and e™ respectively, and pymn and pymn are Riemann tensors with torsionful connec¬ 
tions 


Dir _ 

{lumn — 

pH __ _ 
^ {lumn — 


dpu^ 


vran 


umn 


f) / 

fimn 


_ f) ,-.H 

fimn 


j_ , ,H Pf M _ f ^H 
“r CJ UJ i>pn UJ 

_i_ _PnH _ 

“r to pn UJ i/pn UJ 


PUJ^ 

un 


-Pud^ 

un ^ 


fipn 

p.pn 


(B.8) 
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where and 


H _ \ 1 fT 

^ fimn — ^fimn \ ’ 


^ fimn ^fimn * 


After diagonal gauge fixing the torsionful spin-connections [u"„ are redueed 


(B.9) 


, ,H m _V / ,(+) m _ / , Tn 1 1 it 

^ fi n ^ ^ an — n \ o-^a 


{1 n 


n \ 2 ^^^ ^ ’ 


UJ 


H m_ _V , .(—) m _ / 1 ^ _ 1 W ^ 

^ n ' ^ n — n 2 '^^ ^ ’ 


- H _ _ _V _ ,(-) _ _ _i_ i /T” 

^ (imn ' ^ fimn — ^(imn \ ’ 


and the curvature tensors in fIB.Sp are reduced to 

. d(+) tdH 


^ I- iiumn ~ ^ fii/mn 1 


R"_). —/?(■) 


fiumn 


where 


d{±) rn ^ (±) rn _ ^ (±) m , (±) m (±) p _ (±) m (±) p 

^ liu n V n h/i/Lu u n \ ^ a u n ^ u a 


a n /i n 


/i a n 


a p n 


(B.IO) 


(B.ll) 


(B.12) 


Then generalized curvature scalar and generalized Ricci tensor are represented by heterotic 
supergravity helds as 


g pMNpPQQ 


MPNQ 


= R 


- + 4n,#, - 4a„^.ae^ - ic/^trF^ - ., 


(B,13) 


and 


Smn = , 

Sma = DP[Rrnp)g^ ■ 

Here (J>i/)a is a held strength for the gauge held A^a which is decomposed as 


(B.14) 


= {F^u)i 

(T uu){m,n] R 


^umn 


(B.15) 


where is held strength of Yang-Mills gauge held and R^^umn is the curvature two- 

form in Riemannian geometry with the torsion H which is dehned in fIB.SD . And is the 
covariant derivative in Riemannian geometry with a torsion H 


Dfj, — dn + uj^ fj, + p 


(B.16) 
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